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INTRODUCTION 
Our departure point in this paper is the theorem of Baer and Kaplansky 
concerning the endomorphism rings of torsion abelian groups. We recall 
that if G and H are torsion groups such that End(G) and End(H) are iso- 
morphic rings, then the theorem asserts that G and Hare isomorphic groups. 
We wish to consider arbitrary abelian groups G and H such that 
End(G) E End(H), and to investigate the relationship between their torsion 
subgroups, T(G) and T(H). We certainly cannot conclude that they are 
isomorphic as the simple example G = Z(p”), H = J, demonstrates. Our 
approach in the main theorem will be to describe the pairs of groups for which 
isomorphism of the endomorphism rings fails to imply isomorphism of the 
torsion subgroups. As a corollary, we obtain a generalization of the Baer- 
Kaplansky theorem that specifies when the torsion subgroups are isomorphic. 
Kaplansky [3, p. 731 has suggested that a theory of duality is needed to 
clarify the situation for mixed groups. We shall show that for this particular 
problem, the duality given by Harrison [2] between torsion groups and 
reduced cotorsion groups provides the appropriate setting for the solution. 
First, we recall the covariant functor X-t X’ which assigns to a reduced 
group X its cotorsion hull X’, where X’ = Ext(Q/Z, X). A second covariant 
functor Y + Y* assigns to a divisible torsion group Y the torsion-free 
cotorsion group Y*, given by Y* = Hom(Q/Z, Y). We note that if 1’~ 
@,(@I(,) Z(p”)), then Y* g the completion of @,(@JIc,,J,). These two 
functors may be combined as follows. Given a torsion group D G R (with D 
divisible, R reduced), we obtain the cotorsion group D* @ R’. This sets up 
a bijective correspondence between torsion groups and reduced cotorsion 
groups. 
We now describe the pairs of groups for which End (G) G End(H) and 
T(G) & T(H). One starts with a torsion group G (mildly restricted), forms 
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the corresponding cotorsion group, and then selects a suitable subgroup H. 
The suitably of the subgroup H means that it is fully invariant, and that its 
cotorsion hull is the entire cotorsion group. In the statement of the main 
theorem the support of T, supp(T), denotes the set of primes for which the 
p-components of T are nontrivial. 
ILIAIN THEOREM. Let G and H be two abelian groups. Then End(G) g 
End(H) and T(G) C+ T(H) if and only if {G, H} = {D @ R, J @ A}, where 
(i) D is a nontrivial divisible torsion group, R is a reduced torsion group, 
and supp(D) n supp(R) = @ ; 
(ii) J @ A is afully invariant subgroup of D* @ R’ such that (J @ A)’ = 
D” @ K’. 
COROLLARY. Let G and H be two abelian groups such that End(G) g 
End(H). Then T(G) E T(H) except h w en one of the groups is a torsion group 
of the type described in (i), and the other is not a torsion group. 
With respect to (ii) above, we shall later see that S is a fully invariant sub- 
group of its cotorsion hull D* @ R’ if and only if S = J @ A, where J is 
fully invariant in its cotorsion hull D*, and A is fully invariant in its cotorsion 
hull R’. 
We now give an outline of the paper. In Section 1, we prove a simplified 
version of the main theorem, showing the decompositions of the groups G 
and H. The next two sections are devoted to analyzing the summands in this 
breakup. In Section 2, we characterize the groups J whose endomorphism 
rings are isomorphic to the endomorphism ring of a divisible torsion group. 
Section 3 is devoted to determining the groups A with the property that 
End(A) g End(T(A)). In the fourth section, we show that those groups 
arising in Section 3 and having no elements of infinite height can be 
represented in a more concrete fashion. In the closing section, we describe 
the torsion groups T with the property that if End(T) g End(H), then 
Tz H. Moreover, we pose two concluding questions. 
We shall use Fuchs [l] as a general reference. 
1. THE DECOMPOSITION OF G AND H 
We break the proof of the main theorem into three parts. In this section, 
we establish that the groups G and H decompose as J @ ,4 and D @ T(A), 
where D is divisible torsion, T(A) is reduced, the supports of D and T(A) 
are disjoint, End(J) s End(D), and End(A) e End(T(A)). In succeeding 
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sections, we analyze the latter isomorphisms. In the one case, we show that 
End(J) z End(D) if and only if J is a fully invariant subgroup of D* such 
that J’ = D*. A similar situation occurs in the second case, where we have 
End(A) z End(T(A)) if and only if A is fully invariant in T(A)‘, and A’ = 
T(A)‘. Using these facts, we then prove the theorem. 
Before we begin, we would like to make an observation about the method 
of proof of the Baer-Kaplansky theorem. Suppose that @: End(G) ---f End(H) 
is an isomorphism, and that the Z(p”)‘s correspond under @, i.e., if 
e E End(G) is an idempotent, then e(G) g Z(pm) if and only if @(e)(H) G 
Z(p%). Then Kaplansky’s method of proof applies to guarantee the existence 
of an isomorphism 4: T(G) -+ T(H) such that @(a)/r(H) = 4a4-l for every 
01 E End(G). 
We give two preparatory lemmas. 
LEMMA 1.1. Let C, and C, be two reduced groups, and let PI and Pz be 
disjoint sets of primes. For each i, assume that multiplication by p is an auto- 
morphism of Ci for every p $ Pi . Then Hom(C, , Cj) = 0 when i # j, and thus 
End(C, 0 C,) < End(C,) x End(C,). 
Proof. Let M be the maximal Pa-divisible subgroup of C, (Ps-divisible 
means p-divisible for every p E P.J. Then M is a characteristic subgroup of 
C, , hence it is p-divisible for every p $ Pz . Thus M is divisible, and hence 
trivial. Any homomorphic image of C, is P,-divisible, consequently 
Hom(C, , C,) = 0. The other result follows by symmetry. 
LEMMA 1.2. If D is a divisible torsion group, and ;f End(J) z End(D), 
then J is not a mixed group. 
Proof. Since D has no finite summands, the same applies to J. Con- 
sequently, T(J) is divisible; thus we may write J = T(J) @ J, , where Jr 
is torsion-free. Suppose that J were mixed. Then both these summands would 
be nontrivial. Moreover, Hom(T(J), Jr) = 0 and Hom(Jr , T(J)) # 0. 
To see the latter claim, choose p such that T(J), , the p-component of T(J), 
is nonzero. Choose x E Jr , x # 0. Then Jr/( px) has nontrivial p-torsion, and 
T(J) has a summand of type Z(pco); thus there is a nontrivial map from 
j,/(px) to T(J). But it is clearly impossible to write D = D, @ D, , with 
Hom(D, , DJ = 0 and Hom(D, , DI) # 0. Hence, J cannot be mixed. 
We now obtain the decompositions of G and H. 
PROPOSITION 1.3. Let G and H be two groups. Then End(G) e End(H) 
and T(G) g T(H) if and only if {G, H} = {D @ R, J @ A}, where 
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(1) D is a nontrivial divisible torsion group, R is a reduced torsion group, 
and supp(D) n supp(R) = g ; 
(2) J is torsion-free and End(J) s End(D); 
(3) T(A) E R, and End(A) g End(R). 
Proof. First suppose that conditions (l)-(3) hold, and that G = D @ R, 
H = J @ A. Clearly, T(G) & T(H). Note that A is reduced since R has no 
indecomposable divisible summands. Further, J is reduced since the only 
possible indecomposable divisible summand of J is Q, but D has no such 
summand. We may now apply Lemma 1.1, taking the two sets of primes to be 
the supports of D and R. Thus, End(H) < End(J) x End(A). But 
End(G) g End(D) x End(R), hence End(G) g End(H). 
Now suppose that End(G) g End(H) and T(G) * T(H). By the observa- 
tion preceding Lemma 1.1, we may assume that there is some prime p such 
*that G has a summand of type Z(p”), and that the corresponding summand 
of H is J, . Let D be the maximal divisible subgroup of T(G), and write 
G = D @ Gr . Let the corresponding decomposition of H be H = J @ HI , 
where End(J) g End(D), and End(H,) s End(G,). Lemma 1.2 implies that 
J is torsion-free since it has J, for a summand. Therefore, (2) holds. 
If a: E End(G), let the corresponding element in End(H) be denoted by CL’. 
We claim that supp(D) n supp(T(G,)) = a. Suppose the contrary; let 
p E supp(D) n supp(T(G,)). Clearly, 7’(G,) is reduced by the choice of D. 
Thus, there exist idempotents e E End(G,) and f E End(D) such that e(G,) e 
Z(p’) and f(D) g Z(p”). Then e’(H,) E Z(pr), and f’(J) E J, since J is 
torsion-free. Therefore, Hom(e(G,),f(D)) # 0, while Hom(e’(H,),f’(J)) = 0. 
This contradiction proves that supp(D) n supp( T(G,)) = o . 
We claim that Gi is torsion. Suppose the contrary. Fix p E supp(D), and 
choose an idempotent e E End(D) with e(D) s Z(pa). Then e’(J) s J, . 
First, suppose that multiplication by p is an automorphism of G, ; conse- 
quently, G, is p-divisible. Choose x E Gi , IV $ 7’(G,). Then G,/(x) has a 
summand of type Z(p”), thus Hom(G, , e(D)) # 0. Similarly, HI must be 
p-divisible, hence Hom(H, , e’(J)) = 0 since J, has no nontrivial p-divisible 
subgroups. This contradiction implies that multiplication by p is not an 
automorphism of Gi . Since T(G,), = 0, it must be that pG, # Gr . Con- 
sequently, Hom(G, , e(D)) has an element of order p. But Hom(H, , e’(J)) is 
torsion-free. This contradiction establishes that G, is torsion. 
We now take A = HI and R = G, . Condition (1) clearly holds. Since 
R is a reduced torsion group, it has no summand with endomorphism ring 
isomorphic to J, . Thus, the observation preceding Lemma 1.1 applies to 
the isomorphism End(A) E End(R) to conclude that T(A) g R. Conse- 
quently, (3) holds, and the proof is complete. 
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2. ENDOMORPHISMS OF DIVISIBLE TORSION GROUPS 
Before examining the group J, it will be convenient to recall some 
facts about cotorsion hulls of reduced groups, and to prove an easy lemma for 
later use. Define the cotorsion hull of a reduced group B by B’ = Ext(Q/Z, B). 
Then 
(a) there exists a natural injection B --f B’, allowing us to identify B 
with a subgroup of B’. If B is already cotorsion, then B’ = B. Thus, for any 
B, B” == B’; 
(b) for every map 01: B ---f C of reduced groups, one has the com- 
mutative diagram 
B--+B. 
(c) B’ is reduced, and B./B is torsion-free divisible. Thus, T(B’)=T(B). 
Suppose that i: B + C is an inclusion map. We define B. = C’ to mean 
that i’: B’ -+ C’ is an isomorphism. 
LEMMA 2.1. Let B C C, where C is a reduced cotorsion group. Then B’ = C 
if and only if C/B is torsion-free and divisible. 
Proof, Consider the exact sequence 
0 = Hom(Q/Z, C) -+ Hom(Q/Z, C/B) -+ B’ --f C + Ext(Q/Z, C/B) - 0, 
where the first term is zero since C is reduced. Thus, B’ = C if and only if 
Ext(Q/Z, C/B) = Hom(Q/Z, C/B) = 0. If Ext(Q/Z, C/B) = 0, then C/B 
is divisible ([l, Sect. 52, Exercise 21). Thus, if Hom(Q/Z, C/B) = 0 also, then 
C/B is torsion-free. Conversely, if C/B is torsion-free divisible, then 
Ext(Q/Z, C/B) = Hom(Q/Z, C/B) = 0. 
Next we give two lemmas, the first of which deals with the group J in the 
case of one prime. 
LEMMA 2.2. Let D, be a divisible p-primary group. Then End(K) s 
End(D,) ;f and onb if K z D, , or K z D,*. 
Proof. The case K c D, is trivial. If K G D,*, then End(K) E End(D,) 
by [4, Theorem 5.41. Conversely, assume that End(K) End(D,). We know 
that K is not mixed by Lemma 1.2. If K is torsion, then K z D, by the 
Baer-Kaplansky theorem. Therefore, assume that K is torsion-free. But, 
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End(D,) g End(D,*), as p reviously mentioned. We may apply the method 
described in [3, Exercise 971 to the reduced J,-modules K and D,* to 
conclude that Kg D,*. The proof is complete. 
Let D be a divisible torsion group, and let D = 0, D, be its decomposition 
into primary components. Then D* = Hom(Q/Z, D) = nTsHom(Z(pm),D) = 
I-II, Hom(Q/Z, D,) = J& D,*. This is just the decomposition of the complete 
group D* into the product of its p-adic components (see [I, Sect. 401). Since 
these components are fully invariant, it follows that End(D*)gn,End(D,*). 
LEMMA 2.3. Let D be a divisible torsion guoup, and let J be a fully invariant 
subgroup of D*. Then J’ = D* if and only if J> 0, D,*. 
Proof. Suppose that J> 0, D,*. Then D*/ J is divisible since D*/@, D,* 
is divisible. To show that D*j J is torsion-free, suppose that mx E J, where 
m > 1 and x E D*. Multiplication by m is an automorphism of D,* if 
(m, p) = 1. Choose 01 E End(D*) such that 01 is the inverse of multiplication 
by m on D,* for those p with (m, p) = 1. Then ,(mx) E J since J is fully 
invariant. Moreover, x - ol(mx) E 0, D,* C J. Thus, x E J, and Lemma 2.1 
implies that J’ = D*. 
Now suppose that J’ = D*. We must show that D,* C Jfor every primep. 
Fix a prime p, and let ‘in denote the projection map of D* onto D,*. By the 
full invariance of J, it suffices to show that 7~( J) = D,*. But the full invariance 
of J in D* implies that m(J) is fully invariant in D,*. It follows from [3, 
Exercise 721 that r(J) is either 0 or pi D,* for some i (i 3 0). Since D*/ J is 
divisible, the same is true for D,*/r( J), hence n(J) = D,*. 
We now characterize the groups J whose endomorphism rings are the same 
as that of a divisible torsion group. 
THEOREM 2.4. Let D be a divisible torsion group. Then End(J) z End(D) 
if and only if either Jr D, or J is a fully invariant subgroup of D* such that 
J’ = D*. 
Proof. The case J s D is trivial, thus we may assume that J is a fully 
invariant subgroup of D* such that J’ = D*. Using Lemma 2.2, we observe 
that End(D) e End(D*), thus it suffices to show that End(J) E End(D*). 
We have the restriction homomorphism @: End(D*) -+ End(J) since J is 
fully invariant. Suppose that 01 E End(D*), and that a(J) = 0. But, any map 
of the divisible group D*/ J into the reduced group J is trivial. Thus, Q, is 
injective. Since any endomorphism of J extends to J’, it follows that @ is 
surjective, and thus an isomorphism. 
Conversely, assume that End(J) r End(D). If J is torsion, then the 
Baer-Kaplansky theorem implies that J g D. Therefore, we may assume that 
J is torsion-free. If 01 E End(D), let the corresponding element in End(J) 
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be denoted by 01’. For every p, let e2, denote the projection map from D onto 
D, . Define $: J+ l&e;(J) to be the product map $ = &,e,‘. Observe 
that &e,‘(J) g nz, D,* g D* since End(e,‘(J)) s End(D,). Thus, by 
Lemma 2.3, it suffices to prove that 4 is injective, that 4(J) is a fully invariant 
subgroup of ripe,‘(J), and that 4(J) >_ 0, D,*. The family {e,‘} consists of 
mutually orthogonal idempotents, hence it follows that $J maps each e,‘(J) 
into the corresponding subgroup of the direct product. Thus, $(J)r>&,ed(J). 
We now show that 4 is injective. Suppose that d(x) = 0. We observe that 
J is a &module since D is, and since End J g End D. Let 8: 2 --f J be the 
homomorphism given by e(z) = z . x (z E 2). Regard 2 as n,J, . We claim 
that 0(J,) = 0 for everyp. If D, = 0, then J, acts trivially on all of J, thus 
O(J,) = 0. Therefore, we may assume that D, # 0. Choose an inde- 
composable idempotent e such that e,e = e. Then e’(J) g J, . Select 
01 E End(D) such that ~1’ maps e’(J) onto 0( J,). Note that e,’ is central in 
End(J), and that e,‘(x) = 0. Thus, e( J,) = (a’e’)( J) = (a’e,‘e’)( J) = 
(e,‘ol’e’)( J) = e,‘(e( J,)) = eQ’( J, . X) = J, . cd(x) = 0. We have verified 
that 0, J, is in the kernel of 8. Hence, e(Z) is divisible since z/o, J, is 
divisible. But J is reduced, as was noted in the first paragraph of the proof of 
Proposition 1.3, thus 0 is trivial and x = 0. 
Finally, we prove that d(J) is fully invariant in n, e,‘(J). Let 
u E End(J&, e,‘(J)). We may write 0 = (u,) with respect to the representa- 
tion End(n, ei( J)) = n, End(e,‘( J)) mentioned after Lemma 2.2. But 
there exists an o! E End(D) such that ep’oL’eg’ = crD for every p. Let x E J. 
Since e,’ is central, we have that a,e,’ = eV’ol’, and thus, u(+(x)) = (a,e,‘(x))= 
(e,‘oc’(x)) = +(a’(~)). Hence, u($(x)) E 4( J), and we are done. 
Remark. We note that the condition J’ = D* is equivalent to J = D*. 
From a computational point of view, Lemma 2.3 tells us to look at J as a 
fully invariant subgroup of J& D,* which contains 0, D,*. The endo- 
morphisms of D,* can be represented by certain matrices over J, . One sees 
easily that if D,* is nontrivial for infinitely manyp, then there is an abundance 
of nonisomorphic subgroups J. For example, if P = {p 1 D, # 0}, and if K 
is an ideal in the Boolean algebra of subsets of P such that K contains all the 
finite subsets, then we may take J to be the K-direct sum OK D,* (see 
[I, Sect. 81). 
3. ENDOMORPHISMS OF REDUCED TORSION GROUPS 
In this section, we establish the remaining part needed in the proof of the 
main theorem; we determine the groups A such that End(A) G End(T(A)). 
We begin with two preliminary lemmas. 
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LEMMA 3.1. Suppose that End(A) G End(T(A)). The following are true. 
(1) A has no summand isomorphic to J, for any p; 
(2) the restriction map End(A) + End( T(A)) is an isomorphism; 
(3) if A is a mixed group, then A is reduced and A/T(A) is divisible. 
Proof. Let dr: End(A) + End(T(A)) be an isomorphism. 
(1) Suppose that there were an idempotent e G End(A) such that 
e(A) z J, . Then e’(T(A)) z Z(pm), where e’ = a(e). Thus, there exists 
an idempotent f E End(A) such that f(A) s Z(pm). Let f’ = @(f ). Then 
0 = Hom( f (A), e(A)) g Hom( f ‘( T(A)), e’( T(A))) s J, , a contradiction. 
(2) By (I), we may apply the observation preceding Lemma 1.1. 
Let 4: T(A) + T(A) be the isomorphism referred to there, and let 
Yz End(T(A)) + End(T(A)) be the isomorphism given by Y(p) = $p1/3$. 
Since @(a) = &$-’ (a E End(A)), it follows that Y@: End(A) --) End(T(A)) 
is an isomorphism which is the restriction map. 
(3) By (2), we may assume that End(A) g End(T(A)) by restriction. 
It follows that Hom(A/T(A), A) = 0 since any 01 E End(A) which vanishes 
on T(A) must be zero. Let p be a prime. Suppose that T(A), = 0. Then 
multiplication by p is an automorphism of T(A), and therefore of A. Hence, 
pA = A, and consequently, pA = 2, where 2 = A/T(A). Now suppose 
that T(A), f 0. Since Hom($ A) = 0, it follows that every composition of 
the form A--f J/PA 4 T(A), + A is trivial. Thus, Hom(X/pJ, T(A),) = 0, 
and so 2 is p-divisible. Consequently, a is a nonzero divisible group. Since 
Hom(& A) = 0, we conclude that A is reduced. This completes the proof. 
LEMMA 3.2. Let R be a reduced torsiongroup, and let A C R’. Then A’ = R’ 
if and only if T(A) = R and AIR is divisible. 
Proof. First suppose that T(A) = R and that A/R is divisible. By 
Lemma 2.1, it suffices to show that R./A is torsion-free divisible. Since A/R 
is a divisible subgroup of R./R, it is a summand whose complement is iso- 
morphic to R./A. But, R./R is torsion-free divisible, and hence so is R./A. 
Conversely, suppose that A. = R’. Thus, R./A is torsion-free, and this 
implies that R CA. But R = T(R’), therefore T(A) = R. Another conse- 
quence of R./A being torsion-free is that AIR is a pure subgroup of R./R. 
But, R./R is divisible, and thus AIR is divisible. 
We now prove 
THEOREM 3.3. Let A be a group. Then End(A) g End( T(A)) if and only 
if either A = T(A), or there exists a reduced torsion group R such that A is a 
fully invariant subgroup of R’ with A’ = R’. 
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Proof. Without loss of generality, we may assume that A is mixed. First, 
we do the “if” part of the proof. By the previous lemma, R = T(A), and thus 
we can consider the restriction maps End(R’) * End(A) + End(R). By 
[1, Exercise 2, Sect. 551, this composition is an isomorphism, and hence the 
map @: End(A) --f End(R) is surjective. Next we consider the exact sequence 
Hom(A/R, iz) + Hom(A, A) + Hom(R, A). The previous lemma implies 
that A/R is divisible. Since R’ is reduced, and A S R’, it follows that the 
first term in the sequence is zero. The second map, which is @, is thus 
injective, and hence an isomorphism. 
Conversely, suppose that End(A) s End(T(A)). Let R = T(A). We now 
embed A in RR’. The inclusion R - A induces the commutative diagram 
Hom(Q/Z AIR) ---+R.+A~ - Ext(Q/Z, A/R) 
t I 
R-4 A 
with the top row exact. Since A/R is torsion-free, and by Lemma 3.1 it is 
divisible, we see that both end terms in the top row are zero. Hence 
A’ = R’, and we may regard A as embedded in R’. Thus, it remains to show 
that A is fully invariant in Ii’. Clearly, it suffices to show that A is fully 
invariant in A’. Let &E End(A’), and restrict Z to 01s E End(R). By (2) of 
Lemma 3.1, 01” extends to cx E End(A), which in turn induces s’ E End(A’). 
Since B and 01’ agree on R, we may apply the result cited above in [l] to con- 
clude that & = 01’. Thus, E(A) = a.(A) == al(A) CA, and hence A is fully 
invariant. 
We are now ready to give the 
Proof of the Main Theorem. Assume that End(G) z End(H), and that 
T(G) c+ T(H). Th en conditions (l)-(3) in Proposition 1.3 hold. Thus, 
condition (i) in the main theorem holds. By Theorem 2.4, (2) implies that J 
is fully invariant in D*, and that J’ = D*. Similarly, by Theorem 3.3, (3) 
implies that A is fully invariant in R’, and that A’ = R.. Applying Lemma 1.1 
with P, = supp(D) and Pz = supp(R), we see that J @ A is fully invariant 
;Inuldf* @ R’. Moreover, (J @ A)’ = J’ @A’ = D* OR’. Hence, (ii) 
Conversely, suppose that conditions (i) and (ii) are true. Then (1) holds. 
Since / @ A is fully invariant in D* @ R’, it follows that J is fully invariant 
in D*, and that A is fully invariant in R’. Clearly, (J 0 A)’ = D* @ R. 
implies that J’ = D* and A’ = R’. Applying Theorems 2.4 and 3.3, we see 
that (2) and (3) hold. Th e conclusion now follows from Proposition 1.3. 
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Proof of the corollary. If T(G) C& T(H), then the main theorem asserts 
that the groups are of the appropriate types. Thus we may assume that 
T(G) s T(H), and that G is a torsion group as in (i). By the main theorem, 
there exists a nontorsion group K such that End(G) z End(K) and 
T(G) & T(K). An application of the main theorem to H and K shows that 
H is torsion. 
4. THE GROUPS A WITH A1 TRIVIAL 
In Section two, we characterized the groups /such that End(J) s End(D), 
where D is a divisible torsion group. Since the structure of D* is well known, 
this provides us with a convenient way to visualize the group J. On the other 
hand, the last section determined the groups A such that End(A) s 
End( T(A)). The group A is not readily accessible since it is contained within 
an adjusted cotorsion group, the structure of which is largely unknown. 
However, if A has no elements of infinite height, then A can be represented 
within a more tractable object. 
Let A be a group such that End(A) g End(T), where T = T(A). We 
shall exclude the trivial case A = T from our considerations. By Theorem 
3.3, we have that T C A C T,. Observe that T’ = Ext(Q/.Z, T) = 
I-I, We, T) = III, J+@-($9, T,> = II, Ext(Q/-T T,) = I-I, T,‘. 
Let A, denote the projected image of A in T;. Note that T, C A, C T,’ 
for every p. We have the following 
PROPOSITION 4.1. Suppose that End(A) s End(T) (T = T(A)), and that 
A1 = 0. Then A is fully invariant in n, A, (A, as above), and for each p, 
either (1) A, = T, , or (2) T, is torsion-complete and T,’ = T, . 
Proof. By Theorem 3.3 and Lemma 3.2, we conclude that T C A _C T., 
that A is fully invariant in T., and that A/T is divisible. The full invariance 
of A in T’ implies that A, C A, and that A, is fully invariant in T,‘. Multi- 
plication by a prime q (q # p), is an automorphism of T,‘, and hence, an 
automorphism of A,. Using Lemma 1.1, we easily see that the endo- 
morphisms of I’&, A, operate componentwise. We now examine End(A,). 
Since A, is the projected image of A, it follows that it is a summand of A. 
This implies that An1 = 0, and that A,/T, is divisible. By Lemma 3.2, 
A; = T;, and hence, every endomorphism of A, extends to one of T;. 
Thus, the full invariance of A in T’ implies that of A in fl, A, . 
In order to compute A, , we may assume that T is p-primary, T & A C T-, 
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A is fully invariant in T’, A/T is divisible, and A’ = 0. We must show that T 
is torsion-complete, and that T’ = p. By [l, Lemma 56.61, there is a sur- 
jective homomorphism $: T’ + p with kernel (T’)l. By [l, Proposition 56.51, 
it follows that 4 will be an isomorphism if T is torsion-complete. We claim 
that 4 is injective on A. Let a E A n (T’)‘, and let n 3 1. Then a = nx = 
na, -J- t (X f T’, a, E A, t E T), since a E (T.)l and A/T is divisible. Thus, 
t = nt, for some t, E T, and hence a = n(ur + tr), where a, + t, E A. There- 
fore, a E A’, which implies that a m= 0. We now identify $(A) with A, and 
assume that T s A C p. Next, we claim that A is invariant under the endo- 
morphisms of 2a gotten by extending endomorphisms of T. Given an endo- 
morphism of T, its extension to T. maps (T’) l into itself, thereby inducing 
an endomorphism of p. This induced endomorphism of p extends the given 
map on T. Since the map on T’ takes ,4 into itself, the map on p does the 
same. 
To show that T is torsion-complete, it will suffice to show that T(p) C A 
since T(A) = T. Let B be a basic subgroup of T, say B = @,z, B, , where 
Bi s @1(i) Z(pi). We may regard T as embedded in JJy=, Bi . Let a E A, 
a $ T, and let c E T(p). It will suffice to show that there exists an 01 E End(T) 
whose unique extension d E End(f) satisfies &(a) - c s T. This suffices since 
&(A) C .3. We may regard a = (ui) and c = (cJ, where a,, ci c Bi (i > 1). 
Since c is torsion, we may assume that e(ci) < RZ for every i. Since CI is torsion- 
free, {~(cE~)> is unbounded. We may select a subsequence (a,o)} such that 
e(%(,,> 3 m (j > 1). Let h denotep-height in B. Since h(ck) -j co as k + co, 
we may select 72, < n, < n2 < ... such that h(c,) > h(u,u,) if 5-r < h < nj. 
Define 01 on B as follows. If i f i(i) f or anyj, then set CL(BJ = 0. If i = i(i) 
for some j, then write Bi = Bi’ @ B;, where Bi’ is a cyclic summand 
containing ai . Define oc on Bi such that n(ai) = C clc (nj+r < k < nj), and 
a(Bi) =-I 0. It is clear that there is a sequence {Ni}, Ni -+ a, such that if bi 
is any generator in a decomposition of Bi, then e(bJ - e(cr(b,)) > Ni. It 
now follows from [I, Sect. 46, Exercise 51 that c1 extends to an endomorphism 
of T with the desired property a(u) - c E T. 
We close this section with two examples showing the abundance of non- 
isomorphic groups 4 as in the proposition. First, we take T to be an un- 
bounded reduced p-primary torsion-complete group. Let B be basic in T, 
and write B = @TX1 Bi , where Bj g @1(i) Z(p”). We may view T C nT=, Bi . 
Fix a real number Y, 0 < Y < 1. Define A, to be the group of all (a,) E n,T, Bi 
such that there exists some constant s with e(q) < ri + s for every i. It is 
easy to see that T 2 A, C Ir”, A,lT ’ 1s d’ rvrsible, and A,.l = 0. The proof that A, 
is fully invariant in p is left to the reader. We now consider the case where 
T, is bounded for every p, but nonzero for infinitely many p. One can apply 
the method of the example at the end of the second section to construct 
groups A such that End(A) g End(T). 
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5. APPLICATIONS AND CLOSING REMARKS 
In this part of the paper, we discuss two problems of interest. The first 
problem is motivated by the Baer-Kaplansky theorem. Define two groups 
G and H from a given class to be equivalent if End(G) g End(H). The 
aforementioned theorem then states that in the class of all torsion groups, 
the equivalence classes are singletons (up to isomorphism). One can raise 
the question: In the class of all groups, which ones have singleton equivalence 
classes ? The torsion-free divisible groups are easily seen to have this property. 
On the other hand, Lemma 2.2 says that the equivalence class of a p-primary 
divisible group consists of two elements, while the equivalence class of 2 
is easily seen to be infinite. In this section, we answer the question in the case 
that the group is a torsion group. But first, we give a proposition 
which describes, for a given torsion group T, the groups G such that 
End(G) s End(T). 
PROPOSITION 5.1. Let T = D @ R b e a torsion group with D divisible and 
R reduced. Then End(G) z End(T) if and only if either 
(1) G z T, or 
(2) D = 0 and G g A, where A is a fully invariant subgroup of T(A)’ 
such that A’ = T(A)‘, or 
(3) D # 0, supp(D) n supp(R) = 0, and G s J @ A, where J @ A 
satisfies condition (ii) of the main theorem. 
Proof. If G is a torsion group, then the equivalence with (1) follows from 
the Baer-Kaplansky theorem. Assume G is not torsion. If T(G) s T, then 
Theorem 3.3 gives the equivalence with (2). If T(G) $ T, then the main 
theorem gives the equivalence with (3). 
As a corollary, we describe the torsion groups that have singleton 
equivalence classes. 
COROLLARY 5.2. Let T = D @ R be a torsion group with D divisible and R 
reduced. Then T has a singleton equivalence class if and only sf either T is 
bounded, OY supp(D) n supp(R) # m . 
Proof. Referring to the proposition, T will have a singleton equivalence 
class if and only if G must be a torsion group. If D # 0, then T is not bounded, 
and G will have to be a torsion group if and only if supp(D) n supp(R) # ,@. 
If D = 0, then G will have to be a torsion group if and only if T’ = T. But, 
this is equivalent to T being bounded (see [I, Corollary 54.41). 
We now raise the second question. Given the group G, Is it possible to 
determine, from the ring structure of End(G), whether G is part of a pair 
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of groups as described in the main theorem, i.e., does there exist a group H 
such that End(G) s End(H), but T(G) & T(H) ? Although we do not have 
a complete answer to the question, we shall give three conditions which 
guarantee the nonexistence of such an H. We need some notation. For a 
prime p, define E, to be the set of primitive idempotents in End(G) of 
order p’; (k > I), and define F, to be the set of idempotents f such that 
f End(G)f = I,. 
The crux of this problem is whether there exist a prime p and an idem- 
potent f, SF, such that the group f,(G) can be identified; i.e., one can tell to 
which of the two groups, Z(pm) or J, , the group f,(G) is isomorphic. 
Knowing this, it is now an easy exercise to determine, through mapping 
properties, the groups f (G) for all f E F, and all primes 4. Thus, if End(G) g 
End(H), then one can apply the observation preceding Lemma 1.1 to con- 
clude that T(G) z Z’(H). W e now list three conditions which allow one to 
discover the identity of the group f,(G) from the endomorphism ring. 
(1) There exists a prime p such that E, and F, are nonempty. 
(2) There exist two idempotents fi , fi E F, such that fi End(G) fi = 0. 
(3) There exist two distinct primes p and q, and idempotents f, EF, 
and f, E F, such that f, End(G) f, # 0. 
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